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~N THE CAND I DATE PRO8I.1~4 WITH A RANDON NUMb ER OF CANDIDATES—

by

C. De rman , Colusbia University
C .J .  Lieberaan , S t a n f o r d  U n i v e r s i t y

S . M .  Ross , U n i v e r s i t y  of C al i f o r n i a , Berkeley

1. l n t r ~ d u c t t on

In the prob1c~ under cons ide ra tion  a decision ake r has a

total ~‘f ~ candidates to Int e rvi e w sequentially. The decision

~mk.~r ~ tiIs t either a cept ~r reject the candidate being interviewe d

e t ’ er  he hais been ranked w i t h  respect to his predecessors . Once

• ~~~~~ ted a candida te cannot be reconsidered; once a candidate is

a c c e p te d n ’ f u r t h e r  in terv iew s are carried out . The objective Is

. 
~~~~~~~~~~~~~ 

• . candidat e In ~u - h  a way as to ~axisIze the probabilit y

‘f ~‘ ‘ M if l~~ t he best ot all M candidat es (assusing every orderin g

• t n t e r .~~ ew ~ ~~‘ • ;~~ .s~ lv 1 ikelv )

In the cl*s*ical vet’s 1~~n , M — s is fixed and the opti~ a1

~rl.- t t~’n ~.o1i v is to Interview r — 1 candidates vithou t choosing

i’ . . t ..r a.lec r the fir s t ~aadi n g candidate inter v iewed thereafter.

a
r • r s) — sin r 1

~ 
. 1
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(See chow, et.al . (1) ~~~. 51 or Derama ( 3 J  p. 118.)

Raa.ussen (~,J and Rasaussen and Robbths (6) generalize the

problea to the case where Pt is rando. with known probability func t ion

P~M — a - a • 1, • .., N, N . The approach taken in (6 1  rests

on the presuspcion (asserted in (5 1 )  that the opt i.al solution policy

possesses the above staple for. and that one need only find the value

r that aazi.lzea

N

~ p
•
/., if r — l

a_i
N a- i

(r— l 
~ 

p5/m L 1/k , i t r 2
k •r — l

the a pri c’ri probability of selecting the heat candidate under thc

r u l e  which lets the first r - 1 go by and then selects the first

l eader that occurs thereafter.

The a s se r t i on  of [‘,J . however, is not t rue for ev~~~ probability

f unction p 1 . In Section 2 a count.r-exaaple shows this. In Sectiona
I i sufficien t condition is given for the optiaa l pol i cy to have the

‘staple for.. The device for generating the condition is the ‘one-step

look-ahead ” criterion given by Deraa n and Sacks [4) (also by Chow and

Robbins f 2)). It turns out that this cri terion applies if and only if

.(r~ is uni.odsl. The conditi on given here for the criterion

to apply isproves on the one given in (6) for ~P(r) to be unisodal.

2
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2. Cuunt er-.zaa ple

• ~~~• • If ( p ) were a two—point distribution with large probabil ity

mass at H - 2 (say) and small, but , positive, probability mass at

N • N(N large), a simpl. selection policy would have r • 1 or 2.

Intu itivel y, however , it would scan that a better policy wouid be to

select the second c andidate if he was better than the first and if

• not to let a number of candida tes go by before dec iding to  choose

• the next leading cand idate. Formally, suppose

p
2 

— I - ‘ ‘ 
~N 

•

Then

~‘(1) 
• + ~/$

N-i
• 1~;t + 

~ 
5~ 1/k

k 1

Q~r) r , 3 r N

So for S ~ and c small

0(2) • max 0(r )
r

3
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)
However , conside r the pol icy that stops at r • 1 , if possible .

or , it P1 • N , at the first leading candidate after I - 1 candidates

have been interviewe d , ~~~~~ I shall h.• appropriatel y determined. Let

s. denote the probabilit y of se lec t i ng  the best candidate under this

• 101 i cy .  Then ,

s. • — 2: 1 ~e 1 t ’ c t  ing H..~ ’ .si it d atc 1 ’~ — 1!

• I’~ M • ~-~~~i’ ~~• :.• c t  1 . ~~~~~~~~ ~~~~~~~~ M •

• 1
: • t j l / 1  2 / N  • 1 .‘ ~~~~ ~~~~ ~~~~~~~~~~~ 

~~..)j

1 — ’  i — i
• • & N 1 + ,

- 
‘— 1 — 3

Thus,,

5. s.

if

N- s, —

l~-
‘ 

~~~~~ ~ S 1



It 1 1’. anY integer greater than S and N is suff i -ic ntl y large ,

- -

~ t he l a t te r  inequalIty wil l  hold.

I . s)ne-step look Ahead Policies

. nsistent with our use of the expres’sion in the foregoing , we

say a leading candidate is being interviewe d i t  he ranks above all

;‘rev~~ u.. v  interviewed candidate s . A one-stej’ lcok ahead policy Is one

th..t acci~;’~ a leading candidate it and univ if the probabilit y that he

1st best ‘.~ eed- the probabilit y that one more leader will be inter—

vii’we t .ind that he will be the best . Appl yIng .‘ theorem by Derman and

• ~ ‘s) (a l ’ s  ~h’w  t n t  Robbin,. ( 2 ] ) , the ‘ne—ctep look ahead criterion

v i e  ~ t’s in ~~~ ina l set.’ ion ~‘~~l i cy  if there l’s ~~~~ r — I such that

one- - .,~ i’~~ .ih.’ .i~t .1 ; t s  (re~e-ts ) a leader among the first j

In’ ,‘~ -.- w , ~ t I’ r — l(~ ~ r — 1:.

p
a1 ) — - - - - —  m I
p

k

e h. ( ( ‘n .j It on., 1 ~ r h.s ’ li l t v tha t  ~ — a give n Y~ ~ I . Let

‘~ ~r n ’ t .  t ’~.’ event t h i t  the ~th cand idate  Interv iewed is a leader.

I denote the event that the J
th 

candidat e is the best. Then

S
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t Is 
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i~~ re 1 ,.sdr r ~ 11 h • ‘to, ~ v, .t .tt , i that he w i l l  hi- h be~ t . Then
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k.J
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N

a-i

where ~s(j) I. the ex pression within the last bracket~.. The si gn of

R(j) — S(j) is the same &. tha t ‘I ~- (j) . Thus, f r om (1) f oll ows

Proposition 1: A one-step look ahead policy is optimal it for

some r — 1

(2)  r (j )  ‘ 0, j  — 1 r — 1

• 

~~~~~~~~ 
. 0, j • r , ..., N

The hypothesis of  propos ition 1 is equivalent to c~( r )  being

unfaodal ‘since , as given in (6 ) .

— c(j+I) — 
~, (I) ,  ) — 1 , . . . , N — 1

Now le t

N

Z
a— j + 1

in ter~~ of H we st ate

Condition (): H
1 

0 implies H~ 0 for i ‘ j .

t 7 
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~e n~ w h,iv

rbeor,~m 1: It ~ on~( it  ion A )  ho l.ln- , then the tc ~~ i:~ such th~tt

( 2 )  holds 1, 1 . . 
* 

t one— n-. op look .shejd po l i cy  is Opt  t~~i1

I n  ~~.m n-i~~ s i n’ ’-.eii •ind ~ohbin.s ( t ~~ it  in~ given t t s . r t

.(j) — . (1~~
1) — — 1 N — 1

t i h. .~n- .- i n~ ~‘ r ~. ~ h hat

,~~~
) ‘0 .

0. then

> 0 .

I I1~ 0. - ‘  ‘ - - - ‘~~‘ t ion (~~)

U
, — 

0 , j  — I + I N — 1,

- tn t hence. .(j) is non-increas i ng in I for all ~ , ‘ ‘ S . Hc~~evcr ,

~~N) > 0;
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~S t ’  , , ( j )  0 i all . I ‘ j N. Thun-. , in t o t  cSses

0, proving the theorem .

keaj r~~n-. : ;~~ndit ion (5)  is weaker than the on~1it ion p
1 

< p
2 

.~~vets In h . It I’. •t lss o sat I. t led by t 1st’ geome t r I - din- . t t Ibut t on  v r

1 N, .i d i s tr i but  to t s  t o t  which c ( r )  s ’ , unimodal (‘ in- - .  n - ; t , t , -~ i in ( s ) )

It n- n - s t  :n- , , s ; .t i v  t o i.’. r Ic t N t o  hr 1 ~g f I nit ; zs 1,- ..ond I t Ion (A

Theorem 1 w i l l  hold wit h N — -. s ince , tn  t h ! s  c~is. , I ~r (j )  — 0

9



_ _ _ _ _ _  - - - 
____

R~ fl~~F.N F.~

: o v~ ‘ . S .  • s-~ohb1t ~s , .snd D, Siegmund (19”l ). ~. i J t • c~~~~ i n’ :

I t s c  Theor ’. ~ t i)pt t m-a l Stoppin~~, ‘u~-~ .t  ‘ s ~ M i  I u n  1 ou4 - . I s n - .
Hi ss t on - s

1 1 ]  t s ~ ’~ - , I . S • . ~~~~~~ . kohl ~~~ S 1’fl ) . * M . i r t 1 ; c i 1 ~ - , ‘.t • .. s t
App l i - - i t  i ot is • i’ Ir, . n - n - s - n -  . - I  .- ~~~~~~~~~ t urn , M. .th St .t . r . t h
• 1— 1 -

i j  - .- r . . - , , C. ( j ’ ~7 U) , F’ x n i : ~ - t ,  Mdr ~~~- ’ . - 1 . I : , ‘~~is~~on Pr  s ’ . .,,

Acj dea- ic t ress . N, ’~ n-~~n-~

. * r n -~.t:~ , C. in.: 1 , :‘~is kn- . ( “- . Ri~p i.. -m, -n -~ t ot  - . i . ’d i c . t l  l ’ s
Ins;’ .. t •d ~~Ls i  ~~~~~~~~ (A n o p t  i :_ i l t s~’ ; o i ng 1’ • a l e )  

* 
‘s t  s i  n-’- t - su.it  c t

I ~~ s ‘. ~
- .i , - : - * 

I 
* - ‘~ 7—

is i  ~~~~~~~ ~.r. ~ l~~ I 5 . A - - , ’ n - o - n - . s l s . ’ .- ,~~~~t s ’ i - ,  ~‘ s~ ’t i , : : , J . - ’ 1 : 1 m ~ ;. —
s ,  ‘ r _. 

‘n-
i ~ 

. 
* 

15 , 11~ -.2 -

( bJ  s . t ’ r n -~t s - - - .,- n . ., . T H . k s - . h f o i n s  ( i’ S ) .  ~l o , .  . in - o d~~t . 5 t  t’ n - s  . -
~ ~t’rn - — . Is

- n~~~’ ” ~~n , s l i t  j n - n -  Siz e , J , ~~ . H - : - . • L ,

_ _ _ _

~~

_

l0 

_ _ _



_- _ 
‘~~~~~~~~~~~~~ ‘~~~~~~~~~~~~~~~ ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~

Puc jas~~if led
i t  CU R ’S  ‘5 t i ,  A i t s i  iC A !,0I, O~ ‘w , t  • A C t  sb’s.. 0.,. (.,*.,~~45

REPORT COCUI~ENTi*TIO~1 PAGE 1 UI. I O k~~ CO’i PLi1;\c. p oRM
-
~~ G O V T  * C C ( $ t i O N  NO ’ I R t C , ’ . ( s T ’ t  C A T  A L Q ~~ Nij..n, A

192 1 _______ ______________ _____

• ‘ l i L t  (A.,’ ~~~a.i.j S TV PC ~~ SIPOUT S .55*00 CO..’ts t O

°N HF . CANDIL1A 1 1~ PRO1ILEII WITH A KANIK*( NU}IIIER et hnlcal Report
‘1 ’ ANDI oA I~~’. S PIRPOSi t IsO 050. SIPOSY N o t s S t s t

5. *,, ?scs ~~., S C O s I S A C T  05 G 5 A s 1 ’ s , s e I N,- .)

~~~. i~n- rma n , (. .J . I.ieberma n and S. Ross N00 0l .- /S-t-Lotn -l

• pt spoa ,,,NG0SG A ., ,1.Tos SAS I RiS O ADD*I~~ tO P A 3 C A *w  I ( N R A ’ P RO J P C T , T & ~~~
*55*  5 SOAR us it  suw S iR i

- rpartment ot to perat ions Research and 14 p.irtment
. ‘~~ . t. i t 1st ic ’s  - ‘- t a n f o r d  i’n- i iv , ’ t ’ .i t v , - - . -

- (N K - O . i - . )
in - s ‘i • ( i  I i t  rn ii 5’. 105

i i  ( - ‘s T U 3 L L .  O 5 5 O ’ ( N A N t  A *~~ A D~~~5 i i i  U SSPORT 0 A T 5
— 
“ r .t ’ t o n s  l ’s ’ ,s ’ .t n- • 

,‘,*,‘ ‘. 1.. August 10 • I ‘ 4

1 1 . ’ 0! h i ’.’ ii tst’ ’ .,’ . t t  ~h I) NUM515  OP P A G I S

A n  l1n~ ton , ‘s t s g l r n - t . i  2..1 7 10
‘t~~ w$ TT ,sn,.,c. a . .‘s  

‘ ‘

~~ *w (  • an -~~)A ( $ $O4 siu. . ., S..~ ~~~~~~~~~~~~~~~~~~~~ $(Cu5 i i , (  t A il. fr i Us .  ‘... ‘u

U n.. l a s t . t f  l id

hi. ot ~ .. A S t ~ ~ IC A S s  c-.. ( OS.iG ADiNG

5 O.FT , . . p  ‘- V - .  i ’ * ’ I W I N ?  .i ~~~~ S • .g .,s ’

AJ’PRIWF,D F o  ~ FL’~~L IC REI.EASt: ~~~~~~~~~~~~ IS ~~~~~~~~~~

is O*~ ’ A •U n- L *  5~ I - tw i s t ,  (~~1 m. •‘o .. * ~~~g.,.4 M P~~~ .b ~ D , I1~~ 0,.~~~~
,, k~~

0 3 , J P P L ( W I ’ s ? A A V N ~~ Y E i

0 — --.: i r..~~ .*..... . S.. ••.S••• .A. ~ ~~~ ~~~~~~~~~ ~, ~~~~ A5 $5

C~irsd I i n- ,‘ p r - -

- n- n - n - i, - s i r ; ’  - - - a Ii i .t.t p0 -

Chon- - .

~ .s’ n - . t o n~ n,,”~ i i  s t  cand i - l a t e s t

JO ~ s t Y A a n- S ( (a .#~~~~s s . .  •. Al# ii ~•..is~~y ~~d ~~~~~~~ ~P 5i•~~
A 1.’ . t s l t~n r~s ier  has -t i - n -  •~i - - I  M c andidates t o  In terv iew sequent t a l ly .

Tb. .- - isb n maker — ‘ i n n-  “ t i be t s c rpt  - n  r ej i ’ c t  t he  ‘ .,t o- ~ id . t t c  being In te rv iewed
.i t n - . - r ,  hi’ h,s ’s been ranked w i t h  respe  t t o  hi s  ;‘ t e s t e s  r s * . ’ r s t .  Once rejs ’  ted a
c - i i - l at e  • ;nn. ’t  h,’ ~~~~~ ‘ncj d ,rt’~

j ‘f ls C • i  s n - n - t n - - t a t . ’  1’-. .1 epted no further inter—
v t . ’~~a i re  a r r ied  - - s i t .  Psi’ ob~ .- . t iv. is  to a p l e -  t the ,inst is l , t t e  in such a way as
to max im ize  n- n-n- i probabI l i ty  - ‘ 1 c hoosIng the best  of .~l1 N c andidates ( a s su mmss ,

‘ e v e r ,  o rder ing  Int e rv iews  Is equa l ly  I ik , - I y ~
( Cont inued )

DD 
~~~~~~~~~~ 

1473 so.’io’s oi N o y e l  ,sosRo ~,?s
S A sis o su .- . ,n- i  Unclessi f led

•S c ,pa ,~~v Cl as$,P,Cat ,o ,, 0’ i w O  PR O S (55.0 1)... 5’ ” ’’

_ _ _ _ _ _ _ _ _  ~~ —-- - - - - - - . - —- - 
.—‘

~~~~~



_ ,, la
~

ai
~~ia~~~~~~~~t”C U s ,’~ CL A t % I V S C A T I O N  0’ Ts IS  P*i..t (Wii~ ,s Do’. Zi O...A.4)

1~~~~ In the classical version . N m is f ixed and thc opti~~~l selt’ lion p o l l s  ‘t
Is to interview r - 1 candidates without choosing any ; t hen sciec t the- f i r s t
leadin g candidate Interviewed thereafter. Here

* 
m l

r • r (m) — mm r l~ ~ 1/k 1
k• r

k.tsmussen ( 1 9 1 S t  and Rasmussen and Robbins (197S) generalize the pt ’t s l e t t  t o

tn-se - i n -se where N Is rando, wi th  known probabi l i ty  fu nct ion
I ’ M  - a:  - p .  a • 1. .. .,  N , N ~~. Th~ approach taken by Rasmussen and Robb in ,- ..
r e - . t ’ . on the pr.s*~~ption (asserted by Rasmussen) tha t the optima l solution poit
p o s s e s s e s  the above simple form and tha t one need only find the value of r tha t
maxim izes

S
p Ia , i f  r — 1a-1

— 
a—i

s t - i )  
~ 

p / a  ~, 1/k , if r ‘ ~
k r l

hi- -i p r  i t  I ;‘r. ’h.tt’ l i i i  v s s f  se lec t ing the best candidate under the ru t s’ which lets
n- h.’ first r — 1 go by and t hen se lec t s  the t i rs t  leader tha t o urs t he t , ’a t t c t .  —

Ran~~isscn ‘s resu It • however • Is not t rue  f o r  every prs’ b’ i i t’  l I l t  v t o n - t n - ,  t ton
In ~se ct i on  .‘ a t ”o s nt e r- e x a mp lc  shows this. In Section 4 a s u I t s  lent

cond it ion is given t s r  the opt las t po l i cy  let  have the staple form . The d i ’ v is  c f r
,~i-n.’rat n-, ’ .~ the , ‘nst t t  Ion is the ‘one—step look—ahead ” cr iterion given I-v  I)e rma n
i n - n -  I - -i ks ( 5  9~ i a In.’ by (:how and Robbjn s (1 %1 ) ) . It turns out that th in
r tt e r i ’ n  ap plies if and on ly  if ‘.‘ ( r )  is unimodal. The condition g iven bert-

n - - ’r the criter ion i -  app ly  improves on the one given by Ras i.aen and Robbins ( 19 7 ’ )
1 ’ r  i.’ ( r )  to be unimt-nda l.

‘192

It cuSi ’? ci aflsPCa?.Oa (St T$i% Pac((e%... ~~~~~~~~~~~~

- - --~~~~~ - - --- -~~~~~~~~~-- ~~~~~-~~~~~~~ - - -~~~~~~~~~~~~~~ --~~~~~~~ ~~~~~~~~~~~~~~~~~~~



I - - 1
~~~~~

_ _  -

~~~

‘

~~~~~~~~~~~~~~~~i~~~~~~~~~~~~~~~*

_

_
_

LI ~~~~~~~ 
T -

’

~ ~~~~~~~~~~ 
_

“ 0~

/ 
‘i ~~

~~~~~~~~~~~~~~~~

-

~~~~~~~~~~~‘
- ____


